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WAKAMATSU’S EQUIVALENCE REVISITED
XIAO-WU CHEN, JIAQUN WEI∗
Abstract. For a certain Wakamatsu-tilting bimodule over two artin algebras
A and B, Wakamatsu constructed an explicit equivalence between the stable
module categories over the trivial extension algebra of A and that of B. We
prove that Wakamatsu’s functor is a triangle functor, thus a triangle equiva-
lence.
1. Introduction
Let A and B be two artin algebras. Denote by T (A) and T (B) their trivial
extension algebras. For a certain Wakamatsu-tilting bimodule ATB, Wakamatsu
constructed in [19] an explicit equivalence between the stable module categories
T (A)-mod and T (B)-mod.
Wakamastu’s construction is parallel to the one in [15], where the bimodule
ATB is assumed to have projective dimension at most one on both sides; also see
[14, 12]. The forerunners of the work [15] are [13], [1] and [16]. On the other hand,
if the bimodule ATB is tilting of finite projective dimension, a triangle equivalence
between these stable module categories was obtained in [11]. Indeed, the result in
[11] is more general, which claims that such a triangle equivalence exists provided
that A and B are derived equivalent. However, the equivalence in [11] is less explicit
but with the advantage of being a triangle equivalence.
It is natural to ask whether Wakamatsu’s equivalence is a triangle equivalence.
The aim of this paper is to answer this question affirmatively.
In Section 2, we recall basic facts on cotorsion pairs and ∂-functors. We prove
that Wakamatsu’s functor is a triangle functor in Section 3. In the last section, we
recall the setting of [19], where Wakamatsu’s functor becomes a triangle equivalence.
We fix a commutative artinian ring R. Denote by D = HomR(−, E) the Matlis
duality, where E is the minimal injective cogenerator of R. For an artin R-algebra
A, we denote by A-mod the category of finitely generated left A-modules. Any full
subcategory of A-mod is assumed to be closed under isomorphisms. We identify
right A-modules as left Aop-modules, where Aop is the opposite algebra.
2. Cotorsion pairs and ∂-functors
In this section, we recall basic facts on cotorsion pairs and ∂-functors. We study
special envelops of short exact sequences. The main references on cotorsion pairs
are [2, 5].
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2.1. Cotorsion pairs. Let A be an artin R-algebra. Let X = AX be an A-module.
For a full subcategory C of A-mod, a C-precover of X means a morphism f : C → X
with C ∈ C such that any morphism t : C′ → X with C′ ∈ C factors through f ,
that is, t = f ◦ t′ for some morphism t′ : C′ → C. The subcategory C is said to be
contravariantly finite, if any module has a C-precover. Dually, one has the notions
of a C-preenvelop and a covariantly finite subcategory.
We say that a subcategory C is finite, if C = addY for some module AY . Here,
addY denotes the full subcategory formed by direct summands of finite direct sums
of copies of Y . Observe that a finite subcategory is both contravariantly finite and
covariantly finite.
Let V ,W be two full subcategories of A-mod. We denote by ⊥1V the full sub-
category formed by those modules X satisfying Ext1A(X,V ) = 0 for all V ∈ V .
Similarly, by ⊥V we mean the full subcategory formed by those modules X satis-
fying ExtiA(X,V ) = 0 for each i ≥ 1 and V ∈ V .
By a special V-preenvelop of an A-module X , we mean a monomorphism α : X →
V with V ∈ V and its cokernel contained in ⊥1V. Then α is indeed a V-preenvelop
of X . This is obtained by applying HomA(−, V
′) to the exact sequence 0 → X
α
→
V → Cokα → 0 for each V ′ ∈ V . Dually, one has the notation W⊥1 , W⊥ and the
notion of a special W-precover.
A cotorsion pair (W ,V) in A-mod consists of two full subcategories satisfying
W = ⊥1V and V = W⊥1 , in which case, both W and V are closed under direct
summands and extensions. A cotorsion pair (W ,V) is complete if every A-module
has a special V-preenvelop, which is equivalent to the condition that each module
has a specialW-precover; see [5, Lemma 2.2.6]. A cotorsion pair (W ,V) is hereditary
if ExtiA(W,V ) = 0 for each i ≥ 1,W ∈ W and V ∈ V . In this case, we haveW =
⊥V
and V =W⊥.
The first part of the following result is due to [2, Proposition 3.6]. We include a
proof for completeness.
Lemma 2.1. Let (W ,V) be a cotorsion pair which is complete and hereditary. Let
ξ : 0 → X1
f
→ X2
g
→ X3 → 0 be an exact sequence of modules. Take any special
V-preenvelop α1 and α3 of X1 and X3, respectively. Then there is a commutative
diagram with exact rows
ξ : 0 // X1
α1

f // X2
α2

g // X3
α3

// 0
ξV : 0 // V1
fV // V2
gV // V3 // 0,
where α2 is a special V-preenvelop of X2. Moreover, given any morphism t : V1 → V
in V satisfying t ◦α1 = 0, there exists a morphism t
′ : V2 → V satisfying t = t
′ ◦ fV
and t′ ◦ α2 = 0.
We might call the exact sequence ξV a special V-preenvelop of ξ.
Proof. By a pushout of ξ along α1, we have the following commutative exact dia-
gram
0 // X1
α1

f // X2
a

g // X3 // 0
0 // V1
f ′ // E
g′ // X3 // 0
Then a is a monomorphism with Coka = Cokα1. Consider the exact sequence
0→ X3
α3
→ V3 → W3 → 0. Since α3 is a special V-preenvelop of X3, its cokernelW3
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lies inW . By Ext2A(W3, V1) = 0, we have the following commutative exact diagram
0

0

0 // V1
f ′ // E
a′

g′ // X3
α3

// 0
0 // V1 // V2

// V3

// 0
W3

W3

0 0
Then V2 lies in V . Put α2 = a
′◦a, which is a special V-preenvelop, since its cokernel
lies in W .
For the last statement, we consider the exact sequence 0→W1
fW
→ W2 →W3 → 0
of the cokernels of αi’s. Then t = t¯ ◦ pi1 for some morphism t¯ : W1 → V , where
pi1 : V1 → W1 is the canonical projection. Since Ext
1
A(W3, V ) = 0, we infer that
t¯ factors through fW , that is, t¯ = t
′′ ◦ fW for some morphism t
′′ : W2 → V . Set
t′ = t′′ ◦ pi2 with pi2 : V2 →W2 the canonical projection. Then we are done. 
The following result indicates that taking the special V-preenvelop of a short
exact sequence is partially functorial.
Lemma 2.2. Let (W ,V) be a cotorsion pair which is complete and hereditary.
Assume that we are given the top of the following diagram, which is commutative
with rows being short exact sequences. Consider their special V-preenvelops as in
the previous lemma. Here, the morphisms αi : Xi → Vi and α
′
i : Yi → V
′
i are the
special V-preenvelops. Then the dotted morphisms exist, which make the diagram
commute.
Y1
h //

Y2
k //

Y3

X1

a
⑧
⑧
??
⑧
⑧
f // X2

b
⑧
⑧
??
⑧
⑧
g // X3

c
⑧
⑧
??
⑧
⑧
V ′1
hV // V ′2
kV // V ′3
V1
aV
??
fV // V2
bV
??
gV // V3
cV
??
Proof. By the special V-preenvelop α1, we have a morphism aV : V1 → V
′
1 satisfying
α′1 ◦ a = aV ◦ α1. For the same reason, we have b
′
V : V2 → V
′
2 satisfying α
′
2 ◦ b =
b′V ◦ α2. But, in general, hV ◦ aV 6= b
′
V ◦ fV . By a diagram-chasing, we do have
(hV ◦ aV − b
′
V ◦ fV ) ◦α1 = 0. By Lemma 2.1 there is a morphism t
′ : V2 → V
′
2 such
that t′ ◦ fV = hV ◦ aV − b
′
V ◦ fV and t
′ ◦ α2 = 0. Set bV = t
′ + b′V . Then there
is a unique morphism cV such that cV ◦ gV = kV ◦ bV . By a diagram-chasing, we
obtain α′3 ◦ c = cV ◦ α3. Then we are done. 
2.2. Stable categories and ∂-functors. Let A be an abelian category. Recall
that it is a Frobenius category provided that it has enough projectives and enough
injectives such that the class of projective objects coincides with the class of injective
objects. The stable category A modulo projectives is defined as follows: the objects
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are the same as A; for two objects X,Y , the Hom group, denoted by HomA(X,Y ),
is defined to be the quotient group HomA(X,Y )/P (X,Y ), where P (X,Y ) denotes
the subgroup formed by morphisms that factor through projectives; the composition
of morphisms is induced from A. For a morphism f : X → Y in A, we denote by
f : X → Y the corresponding morphism in A.
For a Frobenius category A, its stable category A has a natural triangulated
structure. For the translation functor Σ, we fix for each object X an exact sequence
0 → X
iX
→ I(X)
dX
→ Σ(X) → 0 with I(X) injective. Any exact sequence 0 → X
f
→
Y
g
→ Z → 0 in A yields an exact triangle X
f
→ Y
g
→ Z
ω
→ Σ(X), where ω is given
by the following commutative diagram
0 // X
f // Y

g // Z //
ω

0
0 // X
iX // I(X)
dX // Σ(X) // 0.
(2.1)
Here, we use the injectivity of I(X). The morphism ω is not unique, but its image
ω in A is unique. In particular, for a selfinjective algebra A, its stable module
category A-mod becomes a triangulated category. For details, we refer to [6, I.2].
Let F : A → T be an additive functor from an abelian category to a triangulated
category. The translation functor on T is denoted by Σ. Following [7, Section 1],
we say that F is a ∂-functor provided that for each short exact sequence ξ : 0 →
X
f
→ Y
g
→ Z → 0 in A, there is a chosen morphism ωξ : F (Z) → Σ(FX), which
fits into an exact triangle F (X)
F (f)
→ F (Y )
F (g)
→ F (Z)
ωξ
→ Σ(FX). Moreover, the
chosen morphism ωξ is functorial in ξ. More precisely, for each commutative exact
diagram
ξ : 0 // X
a

f // Y
b

g // Z
c

// 0
ξ′ : 0 // X ′
f ′ // Y ′
g′ // Z ′ // 0,
there is a morphism between exact triangles
F (X)
F (a)

F (f) // F (Y )
F (b)

F (g) // F (Z)
F (c)

ωξ // Σ(FX)
Σ(Fa)

F (X ′)
F (f ′) // F (Y ′)
F (g′) // F (Z ′)
ωξ′ // Σ(FX ′).
Indeed, it suffices to verify that the rightmost square commutes. We observe that
for a Frobenius category, the canonical functor A → A is a ∂-functor.
The following fact is well known.
Lemma 2.3. ([3, Lemma 2.5]) Let A be a Frobenius category and F : A → T be a
∂-functor which vanishes on projective objects. Then the induced functor F : A → T
is a triangle functor. 
3. Wakamatsu’s functor
In this section, we first recall from [19] the construction of Wakamatsu’s functor.
We will prove in Theorem 3.1 that it is a triangle functor.
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3.1. The construction. Let A and B be two artin R-algebras. Let ATB be an
A-B-bimodule, on which R acts centrally.
We denote by ε and η the counit and unit of the adjoint pair (T⊗B−,HomA(T,−))
on A-mod and B-mod, respectively. More precisely, for each A-module X , the map
εX : T ⊗B HomA(T,X)→ X is defined by εX(t⊗ f) = f(t); for each B-module Y ,
the map ηY : Y → HomA(T, T ⊗B Y ) is given by ηY (y)(t) = t⊗ y.
From now on, we assume that the A-B-bimodule T is faithfully balanced, that is,
the structure maps A → EndBop(T ) and B
op → EndA(T ) are both isomorphisms.
In this case, we have two canonical bimodule isomorphisms
δ : DT ⊗A T
∼
−→ DB, and δ′ : T ⊗B DT
∼
−→ DA,
which are given by δ(f ⊗ t)(b) = f(tb) and δ′(t⊗ f)(a) = f(at). Here, DT has the
induced B-A-bimodule structure.
Recall that T (A) = A⊕DA is the trivial extension of A; it is a symmetric algebra,
and thus selfinjecive. A T (A)-module is identified with a pair (X,φ), where X is
an A-module and the structure map φ : DA ⊗X → X is an A-module morphism
satisfying φ ◦ (DA ⊗ φ) = 0. We sometimes suppress φ and denote the pair by X .
Similar notation applies to T (B)-modules.
For an A-module AV , we consider the B-module
L(V ) = HomA(T, V )⊕ (DT ⊗A V ),
whose elements are viewed as column vectors. Then L(V ) becomes a T (B)-module
via the structure map (
0 0
∗ 0
)
: DB ⊗B L(V ) −→ L(V ),
where ∗ is given by the composition (DT ⊗ εV ) ◦ (δ
−1 ⊗HomA(T, V )). We observe
that L(T ) is isomorphic to the regular module T (B).
For a T (A)-module X = (X,φ), the B-module DT ⊗A X becomes a T (B)-
module via the structure map DB ⊗B (DT ⊗A X)→ DT ⊗A X , which is given by
the composition
−(DT ⊗ φ) ◦ (DT ⊗ δ′ ⊗X) ◦ (δ−1 ⊗DT ⊗A X).
Here, the minus sign is needed in the following construction.
We assume that (W ,V) is a complete cotorsion pair in A-mod such thatW∩V =
addT . For each A-module X , we fix a special V-preenvelop αX : X → V (X) once
and for all.
We observe that DT ⊗ αX is always injective by
TorA1 (DT,CokαX) ≃ DExt
1
A(CokαX , T ) = 0.
For a morphism f : X → X ′, there is a morphism fV : V (X) → V (X
′) satisfying
αX′ ◦ f = fV ◦ αX . Note that the morphism fV is not unique.
We recall from [19, Section 1] the construction of Wakamatsu’s functor
S : T (A)-mod −→ T (B)-mod.
By [19, Lemma 1.1] and [15, Proposition 1.5], for each T (A)-module X = (X,φ),
we have the following injective T (B)-module homomorphism
(
∆X
DT ⊗ αX
)
: DT ⊗A X −→ L(V (X)) = HomA(T, V (X))⊕ (DT ⊗A V (X)),
(3.1)
where ∆X is given by the composition
HomA(T,−αX ◦ φ ◦ (δ
′ ⊗X)) ◦ η(DT⊗AX).
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We define S(X) to be the cokernel of this monomorphism. This notation is somehow
sloppy, since S(X) depends on (X,φ), not just the underlying A-module X .
For a morphism f : (X,φ) → (X ′, φ′) of T (A)-modules, we take any morphism
fV : V (X) → V (X
′) satisfying αX′ ◦ f = fV ◦ αX . Then the left square in the
following diagram commutes.
0 // DT ⊗A X
DT⊗f

// L(V (X))
L(fV )

// S(X)
S(f)

// 0
0 // DT ⊗A X ′ // L(V (X ′)) // S(X ′) // 0
(3.2)
Then there is a unique morphism S(f) making the diagram commute. However,
the morphism S(f) depends on the choice of fV , but its image S(f) in the stable
category T (A)-mod is independent of the choice. This completes the construction
of Wakamatsu’s functor S; see [19, Lemma 1.2]. Since the functor S depends on
the cotorsion pair (W ,V), we will say that S is associated to (W ,V).
In what follows, when we write S(f), we mean the corresponding morphism in
T (B)-mod. We have to keep in mind that S(f) depends on the choice of fV , not
just f .
The following subtlety has to be clarified; compare the treatment in the third
paragraph of [6, p.19]. Assume that we are given a special V-preenvelop α′X : X →
V ′(X), which might not equal the fixed αX . Replacing V (X) by V
′(X) and αX by
α′X in (3.1), we obtain the cokernel S
′(X). Then we have a canonical isomorphism
in T (B)-mod
can: S ′(X)
∼
−→ S(X).(3.3)
Indeed, there is a morphism s : V ′(X) → V (X) satisfying αX = s ◦ α
′
X . Then a
similar diagram as (3.2) defines the above isomorphism, which is independent of
the choice of s. Consider the previous morphism f : (X,φ) → (X ′, φ′). There is a
morphism fV ′ : V
′(X)→ V (X ′) satisfying fV ′ ◦ α
′
X = αX′ ◦ f . Then by replacing
fV by fV ′ in (3.2), we obtain a morphism
S ′(f) : S ′(X) −→ S(X ′),
which depends on the choice of fV ′ . We observe the following fact
S ′(f) = S(f) ◦ can.(3.4)
This fact enables us to abuse S ′(X) with S(X), S ′(f) with S(f). The notation
S ′(f) also applies, if the range X ′ of f has taken a special V-preenvelop, different
from the fixed one.
3.2. The ∂-functor. The above recalled Wakamatsu’s functor S vanishes on pro-
jective T (A)-modules; see [19, Lemma 1.3]. Then it induces an additive functor
from the stable module category of T (A) to that of T (B). Our main result claims
that the induced functor is a triangle functor, provided that the cotorsion pair
(W ,V) is in addition hereditary.
Theorem 3.1. Let ATB is a faithfully balanced A-B-bimodule. Assume that (W ,V)
is a complete hereditary cotorsion pair in A-mod satisfying W ∩ V = addT . Then
Wakamatsu’s functor S : T (A)-mod → T (B)-mod associated to (W ,V) is a ∂-
functor. In particular, it induces a triangle functor T (A)-mod→ T (B)-mod.
Proof. The second statement follows from Lemma 2.3. For the first statement, we
take an exact sequence ξ : 0 → (X1, φ1)
f
→ (X2, φ2)
g
→ (X3, φ3) → 0 in T (A)-mod.
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Recall the fixed special V-preenvelops αX1 : X1 → V (X1) and αX3 : X3 → V (X3).
Applying Lemma 2.1, we obtain the following commutative exact diagram
0 // X1
αX1

f // X2
α′X2

g // X3
αX3

// 0
0 // V (X1)
fV ′ // V ′(X2)
gV ′ // V (X3) // 0.
Here, α′X2 is a special V-preenvelop, which might not equal the fixed αX2 . For this
reason, we use the notation fV ′ and gV ′ , instead of fV and gV .
We have the following commutative diagram in T (B)-mod with exact rows.
0 // DT ⊗A X1
DT⊗f

// L(V (X1))
L(fV ′ )

// S(X1)
S
′(f)

// 0
0 // DT ⊗A X2
DT⊗g

// L(V ′(X2))
L(gV ′ )

// S ′(X2)
S
′(g)

// 0
0 // DT ⊗A X3 // L(V (X3)) // S(X3) // 0
Here, for the notation S ′(f) and S ′(g), we refer to the last paragraph in the previous
subsection.
We claim that the sequence 0 → S(X1)
S
′(f)
→ S ′(X2)
S
′(g)
→ S(X3) → 0 is exact.
For the claim, we view the columns in the above diagram as complexes. The middle
complex is written as HomA(T, V (X•))⊕(DT⊗AV (X•)). Since Ext
1
A(T, V (X1)) =
0, the subcomplex HomA(T, V (X•)) is acyclic. The claim is equivalent to the fact
that the following monomorphism
DT ⊗ αX• : DT ⊗A X• −→ DT ⊗A V (X•)
is a quasi-isomorphism. However, the cokernel of DT ⊗αX• is isomorphic to DT ⊗
W (X•), where each W (Xi) is the cokernel of αXi , respectively. Here, we abuse
W (X2) with W
′(X2), the cokernel of α
′
X2
. The cokernels W (Xi) belong to W and
the complex W (X•) is acyclic. It follows that the complex DT ⊗W (X•) is also
cyclic, since TorA1 (DT,W (X3)) ≃ DExt
1
A(W (X3), T ) = 0. From this, we infer that
DT ⊗ αX• is a quasi-isomorphism. We are done with the claim.
Thanks to the claim and (2.1), we have an exact triangle in T (B)-mod
S(X1)
S
′(f)
−−−→ S ′(X2)
S
′(g)
−−−→ S(X3)
ωξ
−→ Σ(SX1).
Identifying S ′(X2) with S(X2) via the canonical isomorphism (3.3) and using (3.4),
we obtain the desired triangle
S(X1)
S(f)
−−−→ S(X2)
S(g)
−−−→ S(X3)
ωξ
−→ Σ(SX1).
It remains to show that ωξ is functorial in ξ. Before doing this, we notice that
ωξ seems to depend on our choice of α
′
X2
, fV ′ and gV ′ . We claim that ωξ is actually
independent of the choice. This will be proved along with the functorial property
of ωξ.
We assume that there is a commutative diagram in T (A)-mod with exact rows
ξ : 0 // (X1, φ1)
a

f // (X2, φ2)
b

g // // (X3, φ3)
c

// 0
ξ′ : 0 // (Y1, ψ1)
h // (Y2, ψ2)
k // (Y3, ψ3) // 0.
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For ξ′, we have the following commutative diagram
0 // Y1
αY1

h // Y2
α′Y2

k // Y3
αY3

// 0
0 // V (Y1)
hV ′ // V ′(Y2)
kV ′ // V (Y3) // 0,
which yields an exact sequence 0 → S(Y1)
S
′(h)
→ S ′(Y2)
S
′(k)
→ S(y3) → 0 of T (B)-
modules. We apply Lemma 2.2 to obtain the relevant morphisms aV : V (X1) →
V (Y1), bV ′ : V
′(X2) → V
′(Y2) and cV : V (X3) → V (Y3), which make the diagram
commute. Then we obtain a commutative diagram between two 3× 3 diagrams in
T (B)-mod, which yields a commutative exact diagram
0 // S(X1)
S(a)

S
′(f) // S ′(X2)
S
′(b)

S
′(g) // S(X3)
S(c)

// 0
0 // S(Y1)
S
′(h) // S ′(Y2)
S
′(k) // S(Y3) // 0.
Recall that the canonical functor T (B)-mod→ T (B)-mod is a ∂-functor. In partic-
ular, the above diagram implies a morphism between exact triangles in T (B)-mod.
Then we have
Σ(Sa) ◦ ωξ = ωξ′ ◦ S(c).
This proves the functorialness of ωξ. In particular, if all of a, b and c are the identity
maps, this proves that ωξ is independent of our choice. 
4. Wakamatsu-tilting bimodules
In this section, we recall from [18, 9] basic facts on Wakamatsu-tilting bimodules.
For a certain Wakamatsu-tilting bimodule, Wakamatsu’s functor in Theorem 3.1
can be defined and becomes a triangle equivalence.
Let AT be an A-module satisfying Ext
i
A(T, T ) = 0 for each i ≥ 1. Write T
⊥
for the full subcategory consisting of those modules X satisfying ExtiA(T,X) = 0
for each i ≥ 1. Set TX to be the full subcategory formed by those modules X ,
which admit a long exact sequence · · · → T−2
d−2
→ T−1
d−1
→ T 0 → X → 0 with each
T−i ∈ addT and each cokernel Cokd−i ∈ T⊥. In particular, TX ⊆ T
⊥. Recall from
[2, Proposition 5.1] that TX is closed under extensions, cokernels of monomorphisms
and direct summands. Similarly, we have the subcategories XT ⊆
⊥T .
Let ATB be an A-B-bimodule. We say that ATB is aWakamatsu-tilting bimodule
provided that it is faithfully balanced satisfying ExtiA(T, T ) = 0 = Ext
i
Bop(T, T )
for each i ≥ 1. An A-module AT is a Wakamatsu-tilting module if the natural
bimodule ATB is Wakamatsu-tilting with B = EndA(T )
op. In this case, the dual
bimodule B(DT )A is also Wakamatsu-tilting, and thus the B-module B(DT ) is
Wakamatsu-tilting.
We collect known facts on Wakamatsu-tilting bimodules in the following lemma.
Lemma 4.1. Let ATB be a Wakamatsu-tilting bimodule. Then the following state-
ments hold.
(1) (⊥(TX ), TX ) and (XT , (XT )
⊥) are both hereditary cotorsion pairs in A-mod;
moreover, ⊥(TX ) ∩ TX = addT = XT ∩ (XT )
⊥ and (XT )
⊥ ⊆ TX .
(2) (XDT , (XDT )
⊥) and (⊥(DTX ),DTX ) are both hereditary cotorsion pairs
in B-mod; moreover, XDT ∩ (XDT )
⊥ = addDT = ⊥(DTX ) ∩ DTX and
⊥(DTX ) ⊆ XDT .
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(3) There are equivalences between these subcategories given by the Hom and
tensor functors.
TX
HomA(T,−)

⊇ (XT )
⊥;
HomA(T,−);

XT
DT⊗A−

⊇ ⊥(TX )
DT⊗A−

XDT
T⊗B−
OO
⊇ ⊥(DTX );
T⊗B−
OO
DTX
HomB(DT,−)
OO
⊇ (XDT )
⊥
HomB(DT,−)
OO
In general, the above cotorsion pairs are not complete.
Proof. For (1), we refer to [9, Proposition 3.1], and (2) follows from (1) applied to
the dual bimodule B(DT )A. For (3), we refer to [19, Proposition 2.14]. 
Following [20], a Wakamatsu-tilting bimodule ATB is good provided that there
are cotorsion pairs (W ,V) in A-mod and (Y,Z) in B-mod, respectively, which
satisfy the following conditions.
(GW1) These two cotorsion pairs are complete hereditary.
(GW2) W ∩ V = addT and Y ∩ Z = addDT .
(GW3) The adjoint pair (T ⊗B −,HomA(T,−)) induces an equivalence V
∼
−→ Y.
(GW4) The adjoint pair (DT ⊗A−,HomB(DT,−)) induces an equivalence W
∼
−→
Z.
We mention that these conditions are essentially given in [19, Hypothesis 1.4]. In
the above situation, we observe that (XT )
⊥ ⊆ V ⊆ TX . Indeed, one proves that
AT is an Ext-projective generator for V and then applies [9, Corollary 3.3]; also see
[20, Proposition 3.2.2].
In the following example, we use the well-known fact: a cotorsion pair (C,D) is
complete if and only if D is covariantly finite, if and only if C is contravariantly
finite; see [2, Proposition 1.9].
Example 4.2. Let ATB be a Wakamatsu-tilting bimodule.
(1) If both AT and TB have finite projective dimension, then ATB is called a
tilting bimodule. This coincides with the tilting module of finite projective dimen-
sion in [10, 4, 6]. In this case, the cotorsion pairs (⊥(TX ), TX ) and (XDT , (XDT )
⊥)
are complete; see [19, Theorem 2.17]. In this case, we have TX = T
⊥; see [2, The-
orem 5.4]. Hence, by Lemma 4.1 a tilting bimodule is a good Wakamatsu-tilting
bimodule.
If both AT and TB have finite injective dimension, then ATB is called a cotilting
bimodule. By duality, we observe that a cotilting bimodule is a good Wakamatsu-
tilting bimodule.
(2) Following [20], the Wakamatsu-tilting bimodule ATB is said to be of finite
type, if either the subcategory ⊥(TX ) or (XT )
⊥ of A-mod is finite. This happens
when A or B is of finite representation type; for an explicit example, see [19,
Example 3.1]. Then a Wakamatsu-tilting bimodule of finite type is good.
Indeed, if ⊥(TX ) is finite, so is (XDT )
⊥ by Lemma 4.1(3). Then both cotorsion
pairs (⊥(TX ), TX ) and (XDT , (XDT )
⊥) are complete. Similar argument applies if
(XT )
⊥ is finite.
We now reformulate Wakamatsu’s equivalence as follows, which combines [19,
Theorem 1.5] and Theorem 3.1.
Theorem 4.3. (Wakamatsu) Let ATB be a good Wakamatsu-tilting bimodule with
the relevant cotorsion pairs (W ,V) and (Y,Z) as above. Then the Wakamatsu’s
functor
S : T (A)-mod −→ T (B)-mod
associated to (W ,V) is a triangle equivalence. 
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Remark 4.4. We keep the assumptions in Theorem 4.3.
(1) If the given Wakamatsu-tilting bimodule ATB is tilting, there is a triangle
equivalence between T (A)-mod and T (B)-mod obtained in [11, Theorem 3.1]. It
would be of interest to compare these two triangle equivalences. If the tilting module
has projective dimension at most one, these two triangle equivalences might coincide
in view of [14, Theorem 8].
(2) Consider the category T (A)-Mod of arbitrary T (A)-modules. Using filtered
colimits and [8, Theorem 2.4], we obtain a cotorsion pair in T (A)-Mod and a
cotorsion pair in T (B)-Mod, which still satisfy (GW1)-(GW4). Here, we have
to replace “add” by “Add” in (GW2). Then we obtain a triangle functor
S : T (A)-Mod −→ T (B)-Mod,
which is an equivalence by Theorem 4.3 and infinite de´vissage.
(3) We view T (A) = A⊕DA as a Z-graded algebra with degA = 0 and degDA =
1. Then the category T (A)-gr of graded T (A)-modules is equivalent to the module
category of the repetitive algebra of A; in particular, it is a Frobenius category. By
[6, Theorem II.4.9], there is a triangle full embedding from the bounded derived
category Db(A-mod) of A-mod to the stable category T (A)-gr.
A graded T (A)-module (X,φ) consists of a graded A-module X with a structure
map φ : DA ⊗ X → X of degree one, which satisfies φ ◦ (DA ⊗ φ) = 0. Then a
parallel argument as in [19, Section 1] carries over to graded modules, and thus we
obtain a triangle equivalence
S : T (A)-gr −→ T (B)-gr.
The construction of S is similar to the one in [17, Section 2], where the grading
shift by one appears naturally. For the details, we refer to [20, Section 4]. We might
call the above equivalence S a repetitive equivalence between the algebras A and B.
It seems that a good Wakamatsu-tilting module plays a similar role for repetitive
equivalence as a tilting module for derived equivalences.
We observe that the above repetitive equivalence S usually will not restrict to a
derived equivalence, that is, an equivalence between Db(A-mod) and Db(B-mod);
see the explicit example in [19, Examples 3.1 and 3.2], where the two algebras are
not derived equivalent.
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